
Diferenciální rovnice 1. °ádu

Lineární diferenciální rovnice 1. °ádu

y′ =
x + 2y + 3

2x + 5y + 6

�e²ení ∣∣∣∣ 1 2
2 5

∣∣∣∣ = 5− 4 6= 0

Determinant se nerovná nule, proto posuneme sou°adnice

y′ =
x + 2y + 3

2x + 5y + 6

x = t + A

y = u + B

u̇ = y′

u̇ =
t + A + 2u + 2B + 3

2t + 2A + 5u + 5B + 6

u̇ =
t + 2u + A + 2B + 3

2t + 5u + 2A + 5B + 6

�e²ení rovnice

A + 2B + 3 = 0 / · (−2)

2A + 5B + 6 = 0

B = 0

A + 3 = 0

A = −3

Dostáváme rovnici

u̇ =
t + 2u

2t + 5u

u̇ =
t(1 + 2u

t
)

t
(
2 + 5u

t

) , t 6= 0

t = 0⇒ u̇ =
2

5
⇒ u =

2

5
t = 0⇒ y = 0

x = t− 3 = −3

⇒ bod (−3, 0)
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u̇ =
1 + 2u

t

2 + 5u
t

, z =
u

t

u = zt

u̇ = żt + z

żt + z =
1 + 2z

2 + 5z

żt =
1 + 2z − 2z − 5z2

2 + 5z

żt =
1− 5z2

2 + 5z
/ · (2 + 5z) / : t 6= 0 / :

(
1− 5z2

)
6= 0

1− 5z2 = 0

5z2 = 1

z2 =
1

5

z1,2 = ± 1√
5

ż (2 + 5z)

1− 5z2
=

1

t∫
2 + 5z

1− 5z2
dz =

∫
1

t
dt

Nejprve vy°e²íme integrál na levé stran¥

∫
2 + 5z

1− 5z2
dz = 2

∫
1

1− 5z2
dz + 5

∫
z

1− 5z2
dz

2

∫
1

1− 5z2
dz = 2

∫
1

1−
(√

5z
)2dz =

2√
5

∫
1

1− s2
ds =

1√
5

ln

∣∣∣∣∣1 +
√

5z

1−
√

5z

∣∣∣∣∣+ c, c ∈ R

Substituce:√
5z = s√

5dz = ds

dz =
1√
5
ds

5

∫
z

1− 5z2
dz = − 5

10

∫
1

s
ds = −1

2
ln |s|+ c = −1

2
ln
∣∣1− 5z2

∣∣+ c, c ∈ R

Substituce:

1− 5z2 = s

−10zdz = ds

zdz = − 1

10
ds
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Nyní m·ºeme pokra£ovat ve výpo£tu

∫
2 + 5z

1− 5z2
dz =

∫
1

t
dt

1√
5

ln

∣∣∣∣∣ 1 +
√

5

1−
√

5z

∣∣∣∣∣− 1

2
ln
∣∣1− 5z2

∣∣ = ln |t|+ c, / · 2 c ∈ R

2√
5

ln

∣∣∣∣∣1 +
√

5z

1−
√

5z

∣∣∣∣∣− ln
∣∣1− 5z2

∣∣ = ln |t|2 + c, c ∈ R (c = 2c)

ln

(
1+
√

5z
1−
√

5z

) 2√
5

|1− 5z2|
= ln t2 + ln c, c > 0 (c = ec)

ln

(
1 +
√

5z
) 2√

5(
1−
√

5z
) 2√

5 |1− 5z2|
= ln c t2, c > 0

(
1 +
√

5z
) 2√

5(
1−
√

5z
) 2√

5 |1− 5z2|
= c t2, c > 0

(
1 +
√

5z
) 2√

5(
1−
√

5z
) 2√

5 (1− 5z2)
= c t2, c 6= 0

Vrátíme zp¥t substituce

(
1 +
√

5u
t

) 2√
5(

1−
√

5u
t

) 2√
5

(
1− 5

(
u
t

)2) = c t2, c 6= 0, z =
u

t(
1 +

√
5y

x+3

) 2√
5(

1−
√

5y
x+3

) 2√
5
(
1− 5

(
y

x+3

)2) = c (x + 3)2 , c 6= 0, x = t− 3⇒ t = x + 3, y = u

(
1 +

√
5y

x+3

) 2√
5

(x + 3)2
(
1−

√
5y

x+3

) 2√
5
(
1− 5

(
y

x+3

)2) = c, c 6= 0

(x+3+
√

5y)
2√
5

(x+3)
2√
5

(x+3)2(x+3−
√

5y)
2√
5 ((x+3)2−5y2)

(x+3)
2√
5 (x+3)2

= c, c 6= 0

(
x + 3 +

√
5y
) 2√

5(
x + 3−

√
5y
) 2√

5
(
(x + 3)2 − 5y2

) = c, c 6= 0
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Singulárními °e²eními jsou

z = ± 1√
5

u

t
= ± 1√

5
y

x + 3
= ± 1√

5

y = ± 1√
5

(x + 3) , x ∈ R
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